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A fimily of cubic Ramanujan graph is explicitly constructed. They are realized as Cayley graphs 
of a certain free group acting on the 3-regular tree; this group is obtained from a definite quaternion 
algebra that splits at the prime 2 and has a maximal order of class number 1. 

1. Introduct ion  

A k-regular graph is called a Ramanujan graph if its second largest eigenvalue 
(in absolute value) with respect to the adjacency matrix A is less than or equal 
to 2 kvfkZ1. In their paper Ramanujan Graphs [9], Lubotzky, Phillips, and Sarnak 
describe a number of extremal properties which Ramanujan graphs possess, and 
explicitly construct a family of Ramanujan graphs X p,q for each prime =- 1 ( rood 4). 
According to the above authors, for p-= 3 (mod 4), all one has to do is modify the 
set S to be the set of p + l  elements (up to +) a=ao+al i+a2j+a3k  with N(a)= 
p and a = i + j + k  (mod 2). Then the same proof as in the casep_=l  (rood 4) 
gives the result that the Cayley graph of PGL(2,Z/qZ) relative to S is a (p+ 1)- 

regular Ramanujan graph of order q(q2_ 1) if (q~) - - - 1  and of order q(q2_ 1)/2 if 

@q) ---1. This paper will treat the remaining case of p= 2. Margulis [12] constructs 

essentially the same graphs as LPS [9] and mentions, without an explicit description, 
the construction for the case p =  2. Using a generalization of the LPS [91 construction, 
we will give an explicit construction of cubic Ramanujan graphs. 

The heart of the problem has to do with the Hamiltonian quaternion algebra H 
not splitting at the prime 2. In order to realize the graphs and carry out the spectral 
analysis arguments, one must use more general quaternion algebras. More precisely, 
the desired algebra must be definite, split at the prime 2, and have a maximal order 
of class number 1. Before delving into the theory of quaternion algebras, we first 
give a simple description of how to make graphs X 2,q. 
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2. C o n s t r u c t i o n  of  X 2,q 

Let D be the quaternion algebra defined as follows. It is generated .by the basis 
[1,w,~,w~] over (~ with the relations: w 2 = - 2 ,  ~2 = - 1 3 ,  and ~ c ~ + ~ w = 0 .  Hence 
an element a in D may be represented as a = a 0 + alw d-a2~/d-a3w~l, ai E •. 
Consider the following set S of 3 elements {w, p,~}, where p = (2 +w + ~ ) i 4 ,  ~--  
( 2 -  w -  w~)/4.  Let q • 2, 13 be a prime such that x/Z2 and v / ~  belong in Z/qZ 
(i.e. x 2 - - 2  ( mod q) and x 2 - 13 ( mod q) are solvable). Then we may work with 
matrices in PGL(2,Z/qZ) by identifying the basis elements 1, ~, ~, w~ with 

1 0 (01) ( 0 
As in LPS [9], one forms the Cayley graph X 2'q of PGL(2, Z/qZ) relative to the 

set S given above. Hence, 

s =  o -  ' 2 + v " = - 2 ) j '  

These is 

bipartite with the two partitions of the set of q(q2_ 1) vertices corresponding to the 
set of matrices whose determinant is a square ( mod q) and the set of matrices whose 

determinant is not. If ( q )  1 a connected graph is formed with PSL(2,Z/qZ) and 

it has q(q2 _ 1)/2 vertices but is not bipartite. 

Example. The smallest such Ramanujan graph X2,3 is shown below. Its eigenvalue 
computed via numerical methods is 2.414, which is less than the defining bound for 
cubic Ramanujan graphs of 2x/2= 2.828. 

X(2,3) 
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3. General Quaternion Algebras 

This section summarizes the necegsary theory which will be used later to con- 
struct the family X 2,q. For details and proofs, refer to Eichler [3], [4] and Vigneras 
[18]. In general, a quaternion algebra D is an algebra generated by four elements 
[1,w,fl,wfl] over a field k satisfying oA~ + ~w = 0, w 2 = s, f}2 = t, with s,t  E k. 
The conjugate of an element a = ao + alw + a2~ + a3w~, ai E k, denoted by ~, is 
a o - a l w - a 2 f l - a 3 w f l .  The norm of a is N ( a ) = a ~ = a 2 - s a ~ - t a ~  +s ta  2, and the 
algebra is called definite or indefinite according to whether its norm is a definite or 
indefinite quadratic form. 

A quaternion algebra is said to split over a field extension L of k if D | L is 
isomorphic to the matrix algebra Mat(2, L). Let kp be the p-adic completion of k, 
then the quaternion algebra Dp = D | kp will split over kp (or "D splits at p") for 
almost all primes p. The following is a useful technical lemma. 

Lemma 3.1. Let D be a quaternion algebra described above. Then 
(a) D splits at p if and only if there are zero divisors in Dp. 
(b) D splits at p only if p divides the discriminant -16s2t  2. 
(c) / f D  is definite, then D splits at all but an odd number of primes. | 

We will also need a notion of factorization. As in classical algebraic number 
theory, factorization in term~ of ideals sheds light on the factorization of numbers. 
Ideals for quaternion algebras -re defined through certain subrings called orders: 
an order is a rank 4 module over the integers (rational or p-adic depending on the 
context) consisting of 1 and elements of the algebra whose norms are integral. Every 
order is contained in a maximal order. A right ideal for the order T is a module M 
satisfying M T  = M. Left ideals are defined similarly If N and M are respectively 
left and right ideals for the same order T,  then the product of these two ideals is 
well-defined and denoted by M N .  

Example. Setting s = t = - 1  in above, we get the familiar Hamiltonian quaternion 
algebra H. Define H(Z) = Z + Z i + Z j + Z k ,  then H(Z) is an order. It is contained in 
the maximal order T = Z a  + Zi + Zj  +Zk,  where a - -  (1 + i + j +k) /2 .  

Because the ring is noncommutative and the ideals cannot be freely multiplied, 
the factorization theory is much more complicated than that of classical algebraic 
number theory. However, some eombinatorical results may be extracted which will 
serve our purposes. 

The norm of an ideal is defined to be the principal ideal generated by the g.c.d. 
of the norms over all elements in the ideal. 

Theorem 3.2. (Eichler [3]): Suppose Dp splits over kp and Tp  is a maximal order in 
Dp, then the number of right integral ideals of Tp having norm (pk) is 

l + p + p 2  + . . .  + p k  

Moreover, each of these ideals may be represented canonically as principal ideals 
( u )=uTp ,  with 

( p;1 m )  where kl + k2 :_ k and O < m < pk2. | u : pk2 ' 
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The class number of an order is the number of inequivalent right (or left - -  it 
turns out to be the same number) ideals of the order, where two ideals M and N are 
equivalent if M- -  a N ,  for some a E D*. The next result is the class number formula. 

Theorem 3.3. (Eichler [4]): Let D be a definbte quaternion algebra, T a maximal 
order of D. Then the class number of right (or left) ideals of T is 

1 (1 h:  l i i ( p _ l ) +  + 

where ~ is the product of all the primes p for which D does not split at p, and ( ~ )  
x 

is Kronecker's extension of the Legendre symbol. | 

Remark. Thus in general h > 1. The only definite quaternion algebras with h = 1 
and splitting at 2 are those with 6 = 3, 5, 7, 13. Should h = 1, then all ideals are 
principal and may be written as (u )=uT ,  for some u ED * .  

Example. In the above example, H with the maximal order T has class number 1 
by theorem 3.3. It is also known to have In Euclidean algorithm, so there is a very 
complete theory of factorization: every element may be factored into elements whose 
norms are prime. For general quaternion algebras, however, there may not be an 
Euclidean algorithm and the factorization question becomes more delicate. 

There is also a theory of the zeta function, see Eichler [3]. The zeta function of 
an order T is defined as 

r = Z 
an 
n2S , 

n>_l 

where an is the number of right integral ideals for T with norm (n). It may be 
written as an Euler product 

(pkl2s ' 
P 

where apk is the number of right p-adic integral ideals of Tp with norm (pk). The 
fact that this Euler product exists is equivalent to the fact that  there is a 1 -  1 
correspondence between global integral ideals of norm (pk) and local p-adic integral 
ideals of norm (pk). Granted this, from theorem 3.2 the following is immediate: 

Proposition 3.4. Let D be a quaternion algebra of class number 1 which splits at p, 
and let T be a maximal order of D. Then there exist l +p+.. .+pk elements, unique 
up to units, of norm pk. 
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4. T h e  C u b i c  T r e e  

In this section, we give in detail the main result of this paper: the construction 
of the cubic tree that will be used to realize the Ramanujan graphs X 2,q in the 
subsequent section. 

Consider the quaternion algebra D over (~ given by s = - 2  and t = - 1 3 .  It is 
definite with norm N(c~) =a~ + 2a 2 + 13a 2 + 26a32. 

Proposition 4.1. 
(a) D splits at the prime 2. 
(b) D has class number i for right ideals of a maxima1 order. 

Proof. (a) By lemma 3.1(a), it suffices to find a zero divisor in D 2 = D |  Since 
( ~ =  N(a) ,  solving the equation a02 + 2al 2 + 13a 2 + 26a2 =0  nontrivially in the 2-adics 
Q2 would imply the existence of a zero divisor. Now a 2-adic integer z is a square 
if z = 1 mod 8. Hence there exists ~ E Q2 such that ~2 = -15.  Then (~, 1, 1,0) is a 
solution. 

(b) The discriminant of D is -16 .22 .  132. Since D splits at 2, it must split at 
every prime except 13 (using lemma 3.1(b) and (c)). Hence 6 = t3 and the class 
number formula of theorem 3.3 yields h =  1. | 

Next we look for a.n order T containing the 3 elements (up to units) of norm 
2 furnished by Proposition 3.4. The obvious order is Z[1,w,f~,w~t], but the only 
element up to units of norm 2 is w. The remedy is to extend this order by adjoining 
t he element p = (2 + w + wf~) / 4. Then t his new Z- module T = Z[1, w, ~, p] is an order, 
as easily verified, and a little computation shows that T is in fact maximal. Since 
the only units in T are • the three sought after elements are {w,p,-fi}. 

The cubic tree will be realized as the Cayley graph of a free group generated by 
{w,p,~} in the projective space D*/Z(D)* .  (Here Z(D)  denotes the center of D, 
which consists of the scalars.) More precisely, let A ~ be the set of a E T with N ( a ) =  
2 k. Identify a and j3 if =k2ua=~3 for some uEZ,  and let A be the set of equivalence 
classes. The main result proved in this paper is: 

Lemma 4.2. The Cayley graph of A is a 3-regular tree. 

Proof. Let F be the subgroup of A generated by the equivalence classes (w,p,~}. 
A priori, F may not be all of A. Our approach is to show that F acts freely 
and transitively on the well-known cubic tree PGL(2,Q2)/PGL(2,Z2). Moreover, 
{w,p,-fi} is precisely the set of elements which take each vertex to all three of its 
neighbors. Therefore, F is a free group with basis {w,p,~}, so that F = A, and the 
Cayley graph of F is a cubic tree. For a treatment on the theory of trees, see Serre's 
Trees [17]. 

From now on, let G and U denote PGL(2, Q2) and PGL(2, Z2), respectively. As 
the reader may verify, the cubic tree G/U may be realized by choosing for the vertex 
set the set of coset representatives 

The distance from this vertex to the identity I /U  is given by 11 +12, and two vertices 
are adjacent if they are at a distance 1 part. 
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On the other hand, the group F may be identified as elements in G. First, we 
view the order T as a local object T2 = T |  in D2 ~ Mat(2, Q2). Since a maximal 
order is isomorphic to Mat(2,Z2), there exists an isomorphism 

r  D 2 --~ Mat(2, Q2) 

such that r  Mat(2, Z2). Using the canonical forms for local ideals in theorem 
3.2, each element [~] in F with N(~)= 2 k may be represented uniquely as 

where kl + k 2 = k ,  0_<kl, k2; 0 ~ m < 2  ke, and e is a unit in U. This gives a natural 
action on the tree G/U; it acts on the vertices by 

[ a ] ( ( 2  h 2ln) /u )  = (2 kl 2k2) ( 2  h m  212)/un 

(2ka+/a 2kin + 212m 
2k2+t2 ) / U  \ 

= ( 2  jl  h 
2j 2 ) /U, 

for some 0 _< Jl,  J2 and 0 _< h < 2J2. This action is well-defined because everything is 
projective. 

With this explicit formulation, it is easy to see that F acts freely, transitively, 
and the elements 

[ ( 1  ~ ) e l ] , [ ( l  ~ ) e 2 ] , [ ( 2  ~ ) e 3 ]  

(where ei E U) corresponding in some order to [co], [p], [~] are the elements which 
take each vertex of the tree to all three of its neighboring vertices. | 

5. Properties of  X 2'q 

The key is constructing the global tree A. The importance of A being a global 
object is that it brings us back to the study of the rational integers. Essentially, A 
consists of elements from the order T = Z[1,co, f~, p] of norm 2 k (up to equivalence); 
that is, integral solutions to the equation a 2 + aoa3 + 2a~ + alan + 13a~ + 2a 2 = 2 k. 
To relate the graphs X 2,q of Section 2 to the cubic tree and to prove that they are 
Ramanujan graphs use ideas very similar to those of proposition 3.3 and theorem 4.1 
of LPS [91. We briefly sketch the arguments. A little care must be taken, however, 
to set up the problem since the quadratic form for the norm is different and poses 
a subtlety that will require the work of Rankin [14] to be added to our already long 
list of ingredients which we have cited but not gone into in depth. 

First of all, we want finite graphs. For each prime q ~ 2 or 13, subgroups A(q) 
of finite index in A may be defined as the kernel of the homomorphism 

A T(Z/qZ)*/Z(D)*, 
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where t(Z/qZ) = {a = ao + alw + a2~ + a3plai E Z/qZ}, Z(D) is the center of scalars, 
and 

[a] --+ (a mod q)Z(D)*. 
The analogue of proposition 3.3 in LPS [9] is 

Proposition 5.1. 

{ =-1 
Image 

PSL(2, Z/qZ) if (2) = 1. 

Proof. If (q, 26) = 1 and 13= bo+blw+b2~+bap  of norm 1 (rood q) is in the 
image of qa(A), then the result of Malisev[11] on the theory of quadratic diophantine 
equations furnishes an element (a0, al, a2, ca) in Z 4 such that for sufficiently large k, 
a0 2 + a 0 a 3 + 2 a l  2 + a l a 3 +  13a 2 + 2 a  2= 2 k, 2 k--- 1 (mod q), a n d . a i - b i  (mod q) for 
0 < i < 3. Set a = ao + alw + a2~ + a3p, then ~(a) = 13; and since T(Z/qZ)*/Z(D)* is 
clearly isomorphic to PGL(2,Z/qZ),  we have shown that PSL(2,Z/qZ)  _c ~(A). It �9 
is also clear that  a is mapped into PSL(2,Z/qZ)  iff = 1, and together with the 

fact that [PGL(2, Z/qZ): PSL(2, Z/qZ)] = 2, the proposition follows. | 

By mapping the generators {w,p,~} to the generating matrices described in 
section 2, this proposition identifies the Cayley graph of the quotient group A(q) \ A 
with the graph X 2,q of section 2 constructed using matrices from PGL(2,Z/qZ) if 

(2)  _- -1  and from PSL(2 ,Z /qZ) i f  (2)  = 1. Moreover, it is easy to verify that X 2,q 

is bipartite iff ( 2 ) = - 1 .  

In the remainder of this paper, we will show that the graphs X 2,q are Ramanujan, 
and then list some additional properties of these graphs in Theorem 5.4. An element 
in the subgroup A(q) may be written as ao + qalw + qa2~ + qa3P and its norm is 
a 2 + qaoa3 + 2q2a21 + q2ala3 + 13q2a2 2 + 2q2a 2. Denote this quadratic form by Q(v) 
and let rQ(n) be the number of ways of writing n = Q(v) with v E Z 4. A very special 
generating function for rQ(n) is 

e(z )  = 3  Q(v) z = 

V6Z 4 n > 0  

When viewed as a function of the complex variable z. it turns out that this 
O-function is a "modular form" of weight 2 and level 2@ 2, see Schoeneberg [16]. 
As such it may be decomposed into a linear combination of Eisenstein series and a 
cusp form. Let C(n) denote the contribution of the n-th Fourier coefficient from the 
Eisenstein series and a(n) the contribution from the cusp form, so that 

(5.1) rQ(n) = C(n) + a(n). 

The C(n) part is the easier part to estimate; see Hecke [6], Ogg [13], and in particular 
chapter 1 of Sarnak [15]. It is of the form 

(5.2) C(n) = E dR(d), 
din 
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where F:Z+---~C is periodic with period 52q 2. 
Estimating the a(n) part requires much deeper results. The work of Eichier [5] 

and Igusa [7] on the Ramanujan conjectures corresponding to the case of weight 2 
cusp forms, plus the theory of newsforms - -  see Rankin [14] - -  which is needed 
because p = 2 divides the level, yields that as k ~ oc, a(2 k) = Oe(2 k(1/2+~)) for all 
E > 0. The argument, somewhat technical, is as follows. Let g(z) = ~ a(n)e 2~rinz 

n_>l 
denote the cusp form part of O(z), which is of weight 2 and level 26q 2. Then g(z) may 
be decomposed into a sum of an oldform and a newform, say g(z)=go(z)+gN(z), 
with the level of go(z) decreased to an integer L1 satisfying L 1 < 26q 2 and L1126q 2. 
If L1 > 1, we decompose go(z) further into another oldform and a newform, again 
reducing the level of the resulting oldform to L2 with L2 < L1 and L21L1. After a 
finite number of repetitions, g(z) will be broken up into 

(5.3) g(z) = go(z)  + gNl(z) + gNu(z) + . . .  + 

where gO(Z) is an oldform of level Lr = 1, and each gNi (z) is a newform of some level 
dividing 26q 2. As a consequence of a result on newforms in Rankin [14, theorem 
9.4.8], the 2k-th Fourier coefficient of gNi(Z) is 0(2k/2). The more profound results 
of Eichler [5] and Igusa [7] tells us that the n-th Fourier coefficient of a cusp form of 
weight 2 and level 1 satisfies the Ramanujan bound Oe(nl/2+e) for all e > 0. Hence 
the 2k-th Fourier coefficient of go(z) is Oe(2 k(1/2+e)). Finally, equation (5.3) implies 
that 

(5.4) a(2 k) --= Oe(2k(1/2+e)). 
Combining (5.1), (5.2), and (5.4), we arrive at the crucial result 

(5.5) rQ (2k) = E dR(d) + Oe(2k(1/2+e)). 
d12 k 

By a counting argument on the quotient graph A(q)\ A, it can be shown that 
rQ(2 k) is equal to the trace of the operator 2Hk(A), where Hk(A ) is a Chebyshev 
polynomial in the adjacency matrix A defined recursively by H0 ( A) =  1, H I ( A ) =  
A, Hk(A ) = A H k _ I ( A ) -  2Hk_2(A ) for k >_ 2. On the other hand, writing the 
eigenvalues as/~j----2V~cosOj, it follows that 

(5.6) 
( 2 )  n-1 2k/2+ln~sin(k+l)Oj 

2 E Hk(Aj ) -  - ~nO-fj trace Hk(A) = n j=O n j=O 

Equating the two different expressions (5.5) and (5.6) for the trace, we obtain 

(5.7) 
2k/2+1 ~ sin(k + l ) ~ j  

dF(d) + Oe(2 k(1/2+e)) - -- sinOj 
dl 2k n j=0 

Next, we state the following lemma which is easily proved. 
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Lemma 5.2. 

then 

(LPS [8]) Let G : Z + - ~ C  be periodic and satisfy 

Z  a(d) = o(p k) as k 
dip k 

E dG(d) --- 0 
dip k 

for all k. | 

Applying this lemma to (5.7) and subtracting off the terms corresponding to the 
largest eigenvalues •  + 1), we obtain that as k ~ ec, for all e > 0 

{ n~ 2sin(k+l)Oi if (~q)------1 

Oe(2ke) = j= l  sin Oj 

n~l sin(k+l)Oj if (q~)= 1. 
j=  1 sin Oj 

Hence, all these remaining Oj are real and their corresponding eigenvalues satisfy 
the Ramanujan property [Aj[_< 2v~. Therefore 

Theorem 5.3. The graphs X 2'q are Ramanujan graphs. | 

We also list several other extremal properties of the graphs X 2'q. These may be 
verified in the same manner as in LPS [9]; case ii.(c) follows from Brooks' theorem 
on the chromatic number of a regular graph, see Bollobs [12]. 

Theorem 5.4. 

Case i. ( ~ ) = -1; x2'q  is os order n = q(q2 -1 )  and is bipartite, 

(a) 
(b) 
(c) 

Case ii. 

(a) 
(b) 
(c) 

girth(X 2,q) > 4log 2 q - 2, 
log 2 n < diam(X 2,q) < 2 log 2 n + 3, 
chromatic n u m b e r  x ( X  2,q) = 2. 

(5 )=1;  X 2;q is of order n=q(q 2 -  1)/2 and is not bipartite, 

girth(X 2,q) _> 2 log 2 q, 
log 2 n <_ diam(X 2,q) <_ 2 log 2 n + 3, 
chromatic number x(X 2,q) = 3. 

Remarks. 
1. For practical purposes, we will show that there are many primes q such that 

- 2  and 13 are squares in Z/qZ. We use some well-known results in number theory, 
see Apostol [1]. Suppose q is a prime of the form q = 104m + 1, m E Z +. Then 

( - ~ ) = 1  and by quadratic reciprocity ( ? ) = 1 ,  i.e. b o t h - 2  and 13 are squares in 

Z/qZ. Now the generalized prime number theorem for arithmetic progressions states 
that the number of primes q of the form q = km+a,  m E Z + and with (k,a)= 1 is 
asymptotically Ir(x)/~(k), where 7r (x)~x/ Iogx  is the number of primes less than x, 
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and ~(k) is the Euler ~o-function. In our case, 7r(x ) /~(k )= r ( x ) / 48  ,~ x/(481ogx),  
and we conclude that  the desired primes can be found almost as easily as regular 
primes. 

2. This construction provides an e-good set of two elements for distributing 
points evenly on a sphere LPS [10], and also for the solution of the Ruziewicz problem 
of invariant measures on L~ See Sarnak [15], 

3. For another approach to the proof of the Ramanujan property based on 
representation theory, see Lubotzky [8]. 
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